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Acceleration of a fluid parcel
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Velocity components:

vv
t

v

dt

vd 








local
acceleration

convective
acceleration

velocity gradient tensor

Motion of clouds: rudder, satelite

Navier-Stokes equation
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Stream tubes can form closed tubes or have both ends on boundaries.

Eg. absolute streamlines around 
a moving object:

which yields:
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Vortices
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 From the Stokes theorem 

we also know that:
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Can we have circulation without vorticity?

Free vortex
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Vorticity is 
concentrated in the 
center.

Vorticity is 2 times the 
angular velocity of the 
fluid parcel.
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Thomson theorem
If the the integration path s is a fluid line of a perfect fluid, then

0
dt

d

How vorticity is produced?

Circulation is proportional 
wih the lift force.

Evolution of vorticity
Vorticity transport equation:  StokesNavier 

Let’s derive it in 2D!
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 is a scalar in 2D:
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0= 0=Because of the continuity:

By taking the curl of N-S equation:
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Curl of the convective acceleration 
term in 3D flow
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Vorticity transport

( and  are constants)

vortex 
transport

0,if g is 
irrotational

vortex 
diffusion

vortex 
stretching
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What is vortex stretching?
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Vorticity transport equation for irrotational body force and zero viscosity:

Both vectors evolve according to the same transport equation,
hence, in inviscid flow, the vorticity vector behaves in the same way 
as an infinitesimal fluid line element. (Helmholtz)

Thus,  will grow, when the fluid line is stretched.

The direction of s is arbitrarily chosen. 

Evolution of a fluid line of elementary length
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Problem #1.1

x

z

y

2

1

R

R
b 

R1

R2

Compare a 2D confuser (of slab symmetry) with an axial symmetric confuser:

- What components of the vorticity vector are non-zero?
Use cylindrical coordinates (x,r,) in the axisymmetric case!

- In what proportion does the length of a fluid element change?

- In what proportion will the components of the vorticity change if the vortex
diffusion is negligable?

To the solution 
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Vortex diffusion
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The vorticity transport equation for a 2D flow of a constant property Newtonian fluid:
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Is in full analogy with the heat transport equation:
kinematical viscosity

heat diffusion coefficient

The kinematical viscosity can be regarded as a vorticity diffusion coefficient.
These two phenomena are in full analogy. 

Boundary layer over a flat plate

U



x

y
 profiles:

velocity profiles:

Vorticity is continuously produced on the wall surface due to the no-slip 
condition, and it is conducted into the main stream by the viscosity.
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The role of advection

http://www.computationalfluiddynamics.com.au/cfd-turbulence-part5-scale-resolving-simulations_srs/

Summary

vg
dt
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The vorticity transport equation for incompressible fluids reads: 

Origin of vorticity:
- Boundary conditions 

(wall shear)
- Non conservative forces

(eg. Coriolis force)

Redistribution of vorticity:
- Advection 
- Vortex stretching
- Vortex diffusion


