FLUID MECHANICS

1. Division of Fluid Mechanics

Hydrostatics | Aerostatics |Hydrodynamics | Gasdynamics
v velocity
p pressure
p density
2. Properties of fluids
Comparison of solid substances and fluids
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Solid v (deformation) is proportional to t shear stress
Fluids dy/dt (rate of deformation, strain rate) is proportional to t shear stress
(Newtonian)

non-Newtonian fluids

Fluids:

Viscosity

no slip condition
no change in internal structure at any deformation
continuous deformation when shear stress exists

no shear stress in fluids at rest

Velocity distribution: line or surface connecting the tips of velocity vectors the foot-end of which
lies on a straight line or on a plane.
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If T>>T,:0as O,and N, — T, 154 [K] and 126 [K]

pVv = L RT| ideal-gas law
p

where p[Pa], p [ka/m’], T [K], R= R,/M, Ry = 8314.3 J/kmol/K universal gas constant,
M kg/kmol molar mass, for air: M=29 [kg/kmol], therefore R=287J/kg/K.

Cavitation

saturated steam pressure (vapor pressure) - temperature. Water 15 °C, p, = 1700Pa, 100 °C, p, =
1.013*10° Pa standard atmospheric pressure
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Cavitation erosion

Interactions between molecules (attraction and repulse)
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Comparison f liquids and gases
liquids gases

distance between molecules |small = d,, large = 10d,,

role of interactions of
molecules

significant= free
surface

small = fill the available
space

effect of change of pressure
on the volume

small = 1000 bar
causes 5% decrease in
V

large= in case of T=const V
proportional to 1/p

cause of viscosity

attraction among
molecules

momentum exchange among
molecules

relation between
viscosity and
temperature

pressure

T increases u decreases
independent

T increases p
increases
independent

Comparison of real and perfect fluids

real fluids perfect fluids
viscosity | viscous inviscid
density compressible incompressible
structure | molecular continuous




3. Description of flow field

Scalar fields

Density = lim —[kg/ m ] AV incremental volume & >> A (mean free path)

A= AV

continuum p=p(r,t) p=p(x,y,z,t)
Pressure
p=|AE|/[AA] [N/m2], [Pa].
p=p(r.t), p=p(x.y.z.t)
Temperature
T=T(r,t)
Vector fields
Velocity
= v(r,t) Eulerian description of motion

Fields (of force) [gjz N/kg=m/s?.

gravity field: g =-g k g,=9.81 N/kg
field of inertia: accelerating coordinate system (a = ai ) g, =-2

centrifugal field: rotating coordinate system g, =ro°

Characterization of fields

Characterization of scalar fields:

p @J @k ?gradientvector
r

radp=—iI
gpa aya

4 characteristics of the vector:

it is parallel with the most rapid change of p

it points towards increasing p

its length is proportional to the rate of the change of p
it is perpendicular to p = constant surfaces

Change of a variable: e.g. increment of pressure

op op op
AP =D, — P, = gradpAs = —AxX+—Ay+——Az
P =Pg — P, =gradpAs ox - y pe
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Characterization of vector fields: V=V, i+v j+v,k= v(r,t).
v, =V, (X,y,z,t),v, =V, (X,Y,2,1),v, =V,(X,Y,Z,1). vector field = 3 scalar fields

Av, = gradv, Ar = Vs AX + Vs Ay + Ny Az.
OX oy 0z
v AX + v, Ay + OV Az
OX oy 0z
ov, ov, ov,
AV = AX + Ay + Az
OX oy 0z
L AX + v, Ay + , Az
| OX oy oz |
8Vy 6vz
oy oz’

dg, = vdA =|v|dA|cosa [m3/s]

[vdA = [divvdV| Gauss-Osztrogradszkij theorem
A \Y%

o, Ny

i j k dy oz

Rotation, vorticity: otv=vxy=| 2 & 9| N N,
- T T |ox oy oz 0z OX

Ve Yy V| |y v

| ox oy |

rotv = 2Q)|.

n

rotvdA|  Stokes theorem

F:§\_/d
G

> —




Potential flow

v =grade condition: I' = j?ydg =0, orrotv=0
G

Example: fields of force

for gravity force §9d§ =0 work of the field
G

U [m?/s] potential of the field

v=-—grad U

gravity field: g = -g k (U, =g,z +konst.

field of inertia: accelerating coordinate system (a=ai) g, = —ai |U, = ax +Konst.

rZ(DZ

centrifugal field: rotating coordinate system g, = ro® |U, =- 5 + kost.

4. Kinematics
Definitions
Pathline: loci of points traversed by a particle (photo: time exposure)

Streakline: a line whose points are occupied by all particles passing through a specified point of the
flow field (snapshot). Plume arising from a chimney, oil mist jet past vehicle model

Streamline: v x ds = 0 velocity vector of particles occupying a point of the streamline is tangent to
the streamline.

Stream surface, stream tube: no flow across the surface.

dA

Time dependence of flow: Unsteady flow: v = v(r, t) Steady flow: v = v(r)
In some cases the time dependence can be eliminated through transformation of coordinate system.

In steady flows pathlines, streaklines and streamlines coincide, at unsteady flows in general not.



Flow visualization:
guantitative and/or qualitative information

a) Transparent fluids, light-reflecting particles (tracers) moving with the fluid: particles of the
same density, or small particles (high aerodynamic drag). Oil mist, smoke, hydrogen
bubbles in air and in water, paints, plastic spheres in water, etc. PIV (Particle Image
Velocymetry), LDA Laser Doppler Anemometry),

b) Wool tuft in air flow shows the direction of the flow.




Irrotational (potential) vortex

dA
B y\
dr
Vol
/ \
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Concept pf two-dimensional (2D), plane flows:

ov

X _ y

v,=0 and =—=0.
0z o0z

Because of continuity consideration at vortex flow v=v(r) v(r) =?

Calculation of rotv using Stokes theorem: |1 = §\_/d§ = IVOthA
G A

Sinc(:)e v.Lds at 2" and 4™ integrals, and at 1% and 3" integral v and ds include an angle of 0° and
180":

iﬁ\_/dg = +dr)d9v(r +dr)-rd9v(r)

G

Since
dv
v(r +dr)=v(r)+ d—dr
r
after substitution
§\_/d§ ~rdd%dr+ drd 9v(r)+ drd 8% ar
2 dr dr

B LI
In plane flow only (rotv), differs from 0.

j rotvd A= (rotv),rd.9dr

dA

dv v
tv), =—+—|

Example: v=o-r = (rotv), = 2o
In case of rotv =0

dv dr K
—=—— = Inv=—Inr+InKonst. = V=T
v r

vortex.

. Velocity distribution in an irrotational (potential)




Motion of a small fluid particle

<dYs>1 (d\/)
- )
5, plav)y=Ddry (qy )| “Z | (),
J > - ) T =
dy " / Qﬁ> [
@2 | N ! ! \ /
Ps ] ax ™ (dvo) (dve), (dug); Y (dvg),

The motion of a FLID particle can be put together from parallel shift, deformation and rotation.
In case of potential flow no rotation occurs.

5. Continuity equation

dg,, =pvdA =p|v|dA|cosa [kg/s]

. - . 0
integral form of continuity equation: IpydA + Igpdv =0
\Y%

A

differential form: % +div(pv) =0}, if the flow is steady: v = v(r) = |div(pv)=0|,

if the fluid is incompressible p= const. |divv =0

Application of continuity equation for a stream tube
Steady flow, no flow across the surface.

Integral form of continuity equation for steady flow: J' pvdA = 0. "A" consists of the mantle Ap (v
A

1 dA)and A, and A, in- and outflow cross sections. prdA+ prdé =0. Since

Ay A,

VvdA = |v|dA|cosa, J'p|y||dA|COSa+ Ip|y||dA|COSa =0 Assumptions: over A, and A, (v L A)and

A Az
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over A, p = p1 =const., over A, p =pz=const. pVA = Const., where vV mean velocity at

: : . - - D,
changing cross section of a pipeline: |p,V,A, =p,V,A,| = V, = vlpl—l

pzDz2

6. Hydrostatics

Static fluid: forces acting on the mass (e.g. gravity) and forces acting over the surface (forces
caused by pressure and shear-stresses) balance each other (no acceleration of fluid).

pdxdydzg, +dydzp(x)—dydz (p(x)+?dxj:0
X

»
OX
Assumption: g =—grad U (potential field of force)

= |gradp=pg| fundamental equation of hydrostatics.

POk =

grad p=—p grad U = p=const. surfaces coincide with U = Const. (equipotential surfaces)

The surface of a liquid coincides with one of the U = Const. equipotential surfaces = the
surface is perpendicular to the field of force.
Assumptions g =-grad U (potential field of force), p = const. (incompressible fluid)

1gradp:gradB:—grad U= grad(B+ uj:o = B+U=const.
P P

p p

Py U, = Pa U, |incomplete Bernoulli equation
P1 P2

Pressure distribution in a static and accelerating tank

1 P p
[ |
|
|
H |
Z
|
2N
viz é%
‘ Po +pgH
g =gk, where g=9.81N/kg . @i+@j+@l§=pgl§ dp/dz =pg, p=all. p=pgz+Const.
=9 oXx~ oy~ oz

If z=0,then p=p,. = Const.=p, = [P=pP, +pYZ| Inz=H point p=p, + pgH

&+ U, = &4‘ U,| point 1 on the surface =0), point 2 at the bottom (z = H). At z coordinate
P1 8}

pointing downwards U =-9z, p, =p,,2, =0, p, =22, =H.

P, —P, =pgH
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If the tank accelerates upwards, the fluid is static only in an upwards accelerating coordinate
system. Here additional (inertial) field of force should be considered: g, =a k

U =-az U=U, +U, =—(g+a)z. After substitution:
P =Py = p(g + a)H

7. Calculation of mean velocity in a pipe of circular cross section

d | R
2 0 ?
J | -
|
vaX — .
V =? mean velocity

In cross section of diameter D the velocity distribution is described by a paraboloid. The difference
of Vax and v(r) depends on the nth power of r v(r) = vmaxll— (r/ R)”J.

4q,

Mean velocity: V=—; [m/s] where q,[m?/s] is the flow rate.
T

The flow rate through an annulus of radius r thickness dr, cross section 2rzdr is dgy = 2rx

v(ndr= q, = TZrnvmax[l—(r/R)”] dr.
0

Lo n L
Integration yields: q, = Rznvmax—2 , S0 the mean velocity is:
n+

n

V=——
n+2

max *

In case of paraboloid of 2" degree (n = 2) the mean velocity is half of the maximum velocity.

8. Local and convective change of variables

% +div(pv)=0= % +vgradp + pdiv(pv)=0

av

grad P

In point P the velocity is v, the variation of density in space is characterized by gradp. Unsteady
flow: dp/ot=0. Variation of density dp in time dt?
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Two reasons for variation of p:
a) Because of time dependence of density (op/ot=0), the variation of density in point P:

_9p
ot

dp, =—dt

b) In dt time the fluid particle covers a distance ds=vdt and gets in P' point, where the
density differs dp, =gradp ds =gradp v dt from that of in point P.

dp, local variation of density (only in unsteady flows)
dp. convective variation of density is caused by the flow and the spatial variation of the density

The substantial variation of the density is time dt: dp =dp, +dp, :%dtﬂ_/ gradp dt,

dp _dp dp

The variation in time unit: _Edr\_/gradp: E+pdivy:0

9. Acceleration of fluid particles

The variation of vy in unit time.

Acceleration of fluid particle in x direction.

The first term: local acceleration, the second term: convective acceleration.

dv, Ovy OVy OV OVy
—r = V) —+Vy —+V,
dt ot OX oy 0z

dﬂ_%+v Ny Ny a\/y+v Ny
dt ~ & x oy &
dv, ov, ov, ov, ov,
—== TV —+Vy—+V,

dt ot ox oy oz

Determining the differential of v(r,t): d\_/:aat—ydt ?%dt Referring dv to unit time, i.e. dividing
r
it by dt: d—V:@+aV or , Where ﬂ:y
dt ot oraét’ ot

Local acceleration is different from 0 if the flow is unsteady. The convective acceleration exists, if
the magnitude and/or direction of flow alter in the direction of the motion of the fluid.

The formula for acceleration can be transformed:

dv ov v?
— =—=+grad——-vxrotv.
dt 2
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10. Euler's equation (differential momentum equation)

Inviscid flow:

Resultant of forces = mass - acceleration
Inviscid flow: forces caused by the pressure and field of force.

In x direction:
pdxdydzdVX
dx

dv, o _1p

=pdxdydzg, + pdydz—(p+2—pdx)dydz
X

dx ~F pox

d_‘_’_ﬂJrgrady—z—erotv—g—lgradp
dt ot 2~ TP -

p

1 dp
If p=p(p), ———gradp=—grad| ——
p(p) p{p(IO)

If p = const. the unknown variables are: v, Vy, Vx, p

N |y Ky Ny O 1D
a ™MV ™Yy TV T T
Ny Oy Ny Ny 1P
a +Vx 6X+Vy 6y+Vz &z —gy—pay
e N N g 1o
a Cx Ty Cal Y oo
oV
8Vx_i_ y+avz:0
X oy oz

11. Bernoulli equation

Inviscid flow:

Ny j e j d id fl dod
Yds +[grad—ds —[vxrotvds =[gds —[=gradpds
at,l 2 1 - B p

= C— N

I m 1 v o1 v

( Vi —v?
a) Since J‘gradfdng2 —f, integral Il = %
1
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b) If g =-gradU integral IV =—(U,-U))
c) In case of steady flow (% =0) integral 1 =0

d) intergral 111 =0, if
- v =0 static fluid
- rotv = 0 potential flow
- ds lies in the plane determined by v and rotv vectors
- ds || v integration along streamlines
- ds || rotv_integration along vortex lines

P2
e) If p=const. integral V = ~P2=PL 'if 5 — p(p), integral V = J'd—p
P

2 p(p)
In case of inviscid, steady flow of incompressible fluid (p = const.), if g =- gradU and integration
along streamlines:
2

pl+U _ Ve IO—+U2
p 2 p

The Bernoulli's sum = const. along streamlines.

12. Static, dynamic and total pressure

v, .
0 pfOH.
t

1 ﬁ
Vi Py

2
v
o g —1+—+Ul:—2+pz+U2

In stagnation pointv =0, so p_, +%Vi =P

P4 =%vi dynamic pressure

P Static pressure
p:total, stagnation pressure

Bernoulli equation in case of inviscid, steady flow of incompressible fluid, disregarding the field of
force: the total pressure is constant along streamlines.

13. Euler equation in streamwise (*'natural’) co-ordinate-system

n

de

db

dn

<

P

A~

,G !

Steady flow of inviscid (u = 0) fluid. e coordinate is tangent to the streamline, nis normal to it and
cross the center of curvature, A b binormal coordinate perpendicular to e and n.
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In e direction
Force acting on differential fluid particle of edge length db, dn and de (mass: dm = pdbdnde) in e

direction:

dF. = p db dn{p{?j de} dbdn+pdbdndeg,,
e

where ge the e component of the field of force.

Since the flow is steady only convective acceleration exists,and V, =V, =0 a_,, = V? :
€
odbdndev? = P de db dn+p db dn de g, .
oe oe

ov 1 op
V—=—-——+0,

oe p oe
In n direction

2
v : . . . . .
dm ry centripetal force is needed to move dm mass with v velocity along a streamline of a radius

of curvature R:

2
—pdedbngE = pdbde{p J{%)dn}dbdewdedbdngn

v? 10p
- == 10,
R p on

In b direction

O=———+
p ob 9

In normal co-ordinate direction, disregarding g:

vi_1ldp
R pon
Consequences:

a) if the streamlines are parallel straight lines (R=c0) the pressure doesn't change perpendicular to
the streamlines,

b) if the streamlines are curved the pressure changes perpendicular to the streamlines: it increases
outwards from the center of curvature.
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raindrop

14. Rotating tank

po Z - -
@\% A Forced vortex in absolute system, w[l/s] angular velocity, p, - p, =?
R " | 3different ways of solution:

viz | @) co-rotating co-ordinate system: hydrostatics

b) absolute system Bernoulli equation;

c) absolute system, Euler equation in streamwise ("natural™) co-ordinate-
system

T

a) Pa—Po :_p(UA _Uo):_p(_

A GV A V2 A A A 1
b) !Edg + .([grad ?dg - !yx rotvds = !gdg - !Egradpdg _
I I i v \%
Steady flow, integral I =0, integral Il = (Vi — vé)/Z, integral 111 = 0 since rotv= 0, and no
streamline connects points O and A. Since g L ds integral IV =0, p = const. integral
Va—Vo

A
V==(pa—Ps)/P Pa—Po =pjy>< rotydg—pT. v=or and (rotv), =dv/dr+v/r
0

=(rotv), =2w. v, rotv and ds vectors are perpendicular to each-other, and |d§| =dr,
furthermore v, = Rowandv, =0:

R 2 2 2 2 2 .2
R°w R R°w
Pa —Po = p| (ro)2mdr —p=—"- = pR?0’ —p=—_ "= p———.
0 2 2
c)
v_1p
R pon "
R =r, dn =dr (streamlines are concentric circles), g, =0
Pa R 2 R 2 .2
Y R ®
[dp=[p—dr=[pro’dr=p,—p,=p
o o T 5 2
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15. Measurement of flow rate by using Venturi meter

o/

ﬂHg

h [m]=f(q,) =? p and pw density of water and mercury

v? V3
Vi Py U, Vo P2y U,
P 2. p
U-tube manometer: p, +pg(H+h) = p, +pg(m+H) +p,gh P, =P, = (py, —P)gh +pgm.

NIRV-ERV ey 2 D, —p Pra —P
2N _ N _3 -1|="2"2 _gm=—"2"gh
2 2 2|\v p p

continuity equation: viA; = VoA, = Vv, /vy =(d; /dy)?

(pHg_lngh

P

vV, = 7
dil -1
d,

d2
Flow rate: (], =lTnV1 =K+vh

16. Unsteady discharge of water from a tank

z

( iz

\
’ \\¥@¥ ,,,,,,,,,,,,,,,,,,,,,,,, JT&
—‘( L | %

p A t<0 =0 1, >0 t,>h |

t—>o
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1
_[ rad—ds J'erot j J'Egradp ds

P — N
- 9|.<

| 1l v Vv
2 2 2
jﬂdg{"—ﬂw} -0
) ot 2 p .

In point 1 |o1 =py, z=H,v=0.Inpoint 2 p, =p,. z=0, the velocity is v, = v(t).

j-dg:j—d j@dg.
ot 1 ot a ot
where ov/ot acceleration vector |0v /ot | is indicated by a, ov/adt||ds, ov/aot and ds point at

the same direction.
V,A =V,A,= a,A, =a,A,

2
Vt

In case of steady flow (—= 0) 75:9H
dv. _dt
vi-v? 2L
Y
%st di t
.[ Vi _ Ve J'dt
2
VSt
arth =W 2L
Ve 2L Vg

= th1 where v, =./2gH .

t

17. Floating of bodies

Body volume: AV, pressure distribution is characterized by gradp, Pressure force: AF = —grad p AV
AE=-pgAV. In gravitational field buoyant force = weight of the volume displacement. The buoyant
force vector crosses the center of displaced volume.
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The body is floating if the average density is equal or less than the density of fluid.

Stability of floating body: submarines and ships.

ST

K

OS )M
/

Ve ¢

If the center of gravity S is lower than the center of displaced volume K, a moment M arises,
decreasing the angle of deflection.

If S center of gravity is above the center of displaced volume K a moment is arising to a certain
angle of deflection decreasing the angle of deflection.

At deflection the position, magnitude of weight and magnitude of buoyant force does not change.
The line of application of buoyant force displaces. As a consequence of the deflection a wedge-
shaped part of the body (A) emerges from the water and the B part of body sinks. So a couple of
forces arise, displacing the buoyant force vector. The new line of application crosses the symmetry
plane in point M (metacenter). If S is under metacenter M the ship is in stable equilibrium state.

18. Radial-flow fan, Euler equation for turbines

) -— ]| —-—-—
sz J ny cs
. EZ} I

|
i

sz: inlet, k: suction nozzle, j: impeller, I: blades, cs: casing, ny: outlet, t: shaft, m: electric motor, M:
moment, ®: angular velocity.
Task: increase of total pressure of gas:

3
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APy =Py =Py = p+%V2jo —{p+%v21

available performance: |P = q, Ap,| where gy [kg/m®] is the flow rate.

Bernoulli equation in relative coordinate-system (steady flow of incompressible and inviscid fluid)
between points 1 and 2 of the same streamline.:

2 2 2
J.awd§+w2 L
, ot
| I
2 2
9=9, 9 =—grad(U, +U,)+2wx o, U, =0, Uc:_r;)
‘ rfo’ rio’) 2
J.gd§: - + | 2w x wds,
1 2 2 ]

Since v=w+U, if rotv =0=> rotw = —rotu . Since |u| =ro rotu = 2.

2 2 2
— [wx rotwds = —[ w x (- 20)ds = [ 2w x wds
1 1 1

Finally:
Wy (Pu o W,

V2 U2 r2 2 V2 2 2 2 _
2422 yy, - 2 @ L S VT _I_pz pl_o
2 " ¥ v 5

U, =L

Ap, =Py — Py =(p2 +%V§]—[p1 +%ij = p(v,u, —v,u,)

APy = p(Vy Uy —Vy,Uy)

If vi, =0= Ap,y =pV,,U,.
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19. Theorems for vorticity: Thomson' and Helmholtz' theorems

Thomson' theorem (inviscid fluid)

(v+dyv)dt

Circulation: T = §y ds. Temporal change of circulation along closed fluid line ((jj—l; = %iﬁy ds="7 If
G G

g =—gradU and p=const. or p=p(p), by using Euler equation:

In flow of incompressible and inviscid fluid in potential field of force no vorticity arises.

Applications:
Starting and stopping vortex (vortex shedding), making velocity distribution uniform, flow in water

reservoir

)
)
\

:

(rotv),, AA,

F=§\_/d§:_|'rotydA. (rotv),, _ AA, _ D,
D
G A 1

Helmholtz' I. theorem
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Fluid vortex line: rotv xds =0, fluid vortex surface: rotv x dA =0

. d : .
Since a§yd§=0, a flowing vortex surface remains
G

vortex surface.
Two vortex sheets intersect each other along a vortex line.

A flowing vortex line, which can be regarded as line of
intersection of two flowing vortex surfaces, consists of the
same fluid particles.

Consequence: The vortex in smoke ring or in cloud of smoke emerging from a chimney preserves
the smoke.

Helmholtz' I1. theorem

P——

N Flowing vortex tube

82

jrot\_/d A is constant over all cross sections along a vortex tube and it does not change temporally.
A

Consequences: the vortex tube is either a closed line (a ring) or ends at the boundary of the flow
field. A= O rotv = .




Induced vortex, tip vortex of finite airfoil.

Flight of wild-gooses in V shape.

Vortex in tub after opening the sink.

Tornado

20.Pressure measurements

Surface tension

F=2LC C [N/m] surface tension coefficient. For water air combination
C=0.025[N/m].

(p, —p,)ds,ds, = Cds,da, + Cds,da, .

Ap=p; — P, :C(_"‘_j,

In case of spheres R, =R, =R = Ap=2C/R, and bubbles: Ap=4C/R

C«&
Co3

Cy3@ Ci3
@
@ Ci2

If |Cy| > |Cp|+|Cy| , fluid 1 expands on the surface of fluid 2 (e.g. oil on water.

C,ds=C,,ds+C,,cosads.
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cosa=(C, —Cp,)/Cyy. Cpy >Cpp, = a0 <90°, @ >90° (mercury) Ha [C 5| >|C, | +|Cys/, the fluid
expands over the surface of solid body petroleum gets out of open bottle.

Capillary rise

Py —Ps =2C,/R=2C,cosalr.

Po =Pa =pgm

2C,,
m = ——cosa
par

In case of mercury capillary drop.

Measurement of pressure

Manometers (for measuring pressure differences)

Micromanometers: U-tube manometer p; - p2=(pm- pt) g h, "inverse™ U-tube manometer p; - p,
=(pw- pa) g h, inclined tube manometer L=H/sina, relative error: e = As/L =(As/H) sina., bent tube
manometer (e = const.):

Pl Lk

Pressure taps

i
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21. Integral momentum equation

d
dt

[pvdV = [pgdv - [pdA u=0

V(t) V(t) A(t)

% J pvav = “mi[ [(pv).aV= [(pv),av

V(1) A0 At V(t+AL) V(1)
%I(py)dv + Iyp(ydé) = I pgdV — I pdA  where V is the control volume
\ A \% A

Solid body in control volume

%i(p\_/)dv + [vp(vdA)+ [vp(vdA)= i pgdV - [ pdA— [ pdA

Ay Ay Ak Ap
2 [(pwlav + [wplvdA) = [pgdv - [pda-R
oty A v A
R[N] force acting on the body in the control volume

In case of steady flow:
[vp(vdA)=[pgdV - [pdA-R
A v o A

[(pv)dv + [vp(vdA)= [pgdV - [ pdA-R +S
\Y A Vv A

Q|

where S is the friction force.
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Moment-of-momentum equation

© [rx(pu)aV+ [ 1xvp(vdA) = [ rxpgaV — [ pdA—M + M,
atV A \Y A

22. Application of integral momentum equation

Stationary and moving deflector

1. Taking up the control volume: solid body is in the control volume, surfaces are
1 or || to the velocity vector.

£ [(pw)av+ [vplvdA) = [pgaV - [pdA -R +S
A \Y A

\%

I I I v VvV Vi

2. Simplification of equation

[vp(vdA)=-R

3. Evaluation of integrals

I, = J-yp(ydé) = leZ Al(_ A% /|\_/|1)’

A

v,

v,

dl, =pv;dA,

I =pviA.

4. Balances of forces in co-ordinate directions
~1,=-R, azaz—pviA, =-R, =-R
R=pV’A,

If the deflector moves: u > 0

instead of v, w, =v, —u = R=p(v, —u)*A,.
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Borda discharge nozzle, contraction of jet

a b., c

T 1 e 1

\ \ \ \
- I | |

| = [RA Egé_,\’
| - )y —— [
| = 1 ==
w Y i .
- ] A ]

2pgHA, =pgHA = o =A,/A=05

Change of pressure in Borda-Carnot sudden enlargement

Ap'ge = (pz - pl)id _(pz - pl)BC :B(Vf —Vi)—PVz(Vl -V,

Borda-Carnot loss
Ap'ge = %(Vl -V, )2

Force acting on Borda-Carnot sudden enlargement

R= (po _pl)(AZ _Al): pVZ(Vl _Vz)(Az _Al)
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A Pelton-wheel

2 2
=+l ==Ry, I =pVi AL, =pV;A,C08B, pvi A, =pV, A,
R, =pV,A,(v, -V,,), where v,, =V,cosp
V,, =U-W,sing, w, =w,, w, =v, —-u, R, =pVv,A (v, -u)l+sin9)

R, =pV,A,(v, —u)l+sin9), 9=90° Z—E: 2oV, A, [(v, —u)-u]=0,u=v,/2

Prax = pV1A1V12 /2

Force acting on one element of a infinite blade row, Kutta-Joukowsky theorem

= v
(/ } 7,‘2 2
T ==
| oD
—> <
! //Z// P> v,

—ly+1=P-P,-R,, -1, ,+l,, =-R,
I, =pv tvy, I, =pv,tv,, PL=p,t P, =p,t,
R, :(pl —pz)“rpvxt(vlcosa1 —vzcos%)

Vix =V = P — P, :%(Vg _Vlz):%(vgy _Vlzy)::> Rx :%(VZy _Vly (VZy +V1y)

R, :pvxt(vly —vzy). 1"=(v1y —vzy)t:> R, =—pFL2\/2y, R, =pl'v,,

2
R|-RE R pr\/vi {%] = [Rl=piv, v [N/m]

t—>00, vy, —V,, —0 T=tv,, ~v,, )=4ll. v, >v, > v, |R|=plv, [l [N/m]
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Propellers (actuator disc)

V1 = U, velocity vi = vo
ﬁj(p\_/)dw [vp(vdA)=[pgdV - [pdA-R+$S
atV A \Y% N A

I 1 Il IV V VI
-+, =-R, =R, :pV12A1 _pngz
By using continuity equation: R, =pVA(v, —V,)
Bernoulli-equations 1 - 1’ and 2’- 2

Vi P Vi Py Vo P2 _Vo Py
2 p 2 p 2 p 2 p
Since p1= pzand vi'= v = v, p, —p, :%(vf —v§)
V, +V,

R, =2 (v ~V))A=pvA(v, -v,) V= =R, =L (v -V))A

Pu= viR (useful power) Pi=v R (input power) theoretical propellor efficiency:
VR v 2

1
VR v 1+v,/v,

Wind turbine

Pszv1+v2

(Vi -V3)= 0P/ov2=0 =V, :%v1:> PzﬁpAvf
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kezdeti
szakasz lossuld szakasz

gt
Vmcn:/2 -

Vmux<VU

:E_

kezd.sz.:initial section, lassul6 sz.: deceleration section

M ~2, rp=kz, |
r1/2/ro = k1Z/I'o

/M2 2

vior o or
Iyp(ydA)z 0 = pvirln :IpVZZrndr =V =V 12,2 ——d—
A A 0 Vmax r1/2 r.1/2
Vo Konst. v Konst.
= - =
Vo /2 Vo z
rO r0
Th M/hya 2
vV or or Vi I z
q, = J.Zrnvdr =V, [,2n J. SN LN Konst —mex L2 — 4 _ konst. =
0 0 Vmax r.1/2 r1/2 qu VO r.0 qu r.0

Vnax h——
AUl

Air curtains

~

semleges

z6na

Neutral height
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VZ lap Pk Yh V2 1Yh Yh
— == = |dp= —dy= Ap=p, -p, =— |pvidy= pvis, = |pvid
R oo pjbp _{hpR y= Ap=p, P, R_&p y= pvis, -Lp y
ZS 2
ppPVe% _p_ PViSe.
R Ap
A >R,

vis, . .
b=2 R sinp. b=220ging, =2, D=2" B_Kgnp
5, pp D
2 0

theoretical: K=4, experimental: K=1.71+0.0264 B (25<p%<45 and 10<B<40)

Allievi theorem
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u] e s
. _.]ﬁ
B Wy
AhiL____ 24| |ed+/d T e —
L ll —PQ

W y={ : —

P pt Ap b

Iy [ WAV

pipe diameter d = d+Ad

Shortening of water column. Compression of water: As; and expansion of pipe
wall: As2 = As = As1+As2

2 A A
ps,=2Ps B, =2.1-109Pa, as, 1" —sdnd pAg-2Pd, Ad_Ac_ Apd
E, 4 2 25" d E, 20E,
A As, A
Eu - 21010Pa > As, = 2Pdg AS_AS A, f 1, d | _4p
dE, s s s E, O0E,) E,

Integral momentum equation:
—p(@a+Vv)A(@+Vv)+(p+Ap)a(A+AA)a=

=pA+(p+Ap)AA—(p+Ap)(A+AA),
Continuity: p(a+V)A =(p+Ap)a(A+AA)

Ap=pv(a+V) v<<a Ap=pva T, < 2L turning off time
a

A A A E
s=at:>AAs=A—ps=A—pat:>—pa:v a=_[—.
Ef Ef Er p
% X
ol | D
P e
Y y .
et | | | ¥
PL s
V L
RERRREE X
P a AD
Y o
_\v‘ I (X
[ I I I [T 1] [T 1]
P .
v Yy ——i—
LTI T T IR I e ¥
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23. Flow of viscous fluids, Navier-Stokes equation

Rheology
Shear stress versus strain rate (deformation rate)
. . dv d
curve 1: Newtonian fluid: 7, =p—>"= =,
dy dt

Non-Newtonian fluids:
d
curve 2: t=r1, +uw—y,

dt
Curves 3 and 4: t=Kk(dy/dt)".

-

|

=
v

a

t

dv

Differential momentum equation E =g +F, In case of inviscid fluid:

X

o, (x+dx) - o, (x)ldydz + [z, (y + dy) -, (y)|dxdz

B pdxdydz
+[t, (2 +dz)-1, (z)|dxdy}
Since o, (x+dx) =, (x)+ oo, dx =F, = l[‘%x " OTyx + 8TZXJ
OX p\ox oy oz
GX T X TZX
Oty oy | F=rov = v=Civ T Ok
p— oX~ oy~ oz

(|

= —Egradp
p
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ov ov ov ov 1( 0o, Ot, 01,
X y z O, +— + +
ot OX oy 0z plLox oy oz

Y
dx
,——\—”’,’
II I
I dy
/ II
dB-h I+ d
'61 ’,C’/V 7
"——1’
da 04 X

ov
dy = dov+ dp = 2t + Mgt |
oX oy

o, o o ey
'ny:},l. 8—X+E :Tyx‘ p:—§ GX+Gy+GZ .

y+dy
dy ov
oy, =pu— =2u—=
1x Hdt Max
o, =—p+2u—=——pndivv.
oV, ov, oV, ov, 1op 1|0 o, 2 .
+V, +V, +V, =0, ———+—1—|2un ——udivv [+
ot OX oy 0z poOX p|OX ox 3

6 aVy aVx 6 [avx avzj
+— Y —+— ||+ + .
oy oxX oy 0z 0z oX

Navier-Stokes-equation

u=const. and p =const.

ov, ov, ov, ov, lop (o°v, 0*v, 0%,
VRV, Y, R =g, Y|
ot OX oy 0z p OX OX oy 0z
ov ov ov ov o’v, 0°v, 0%
—y+vx—y+vy—y+vz—y:gy—1@+v L+ —L+—)
ot oX oy 0z p oy oX oy 0z
ov, ov, ov, ov, 1op (0°v, o°v, 0o,
FV AV RV, L=, V|
at 8 oy oz poz X' o @z
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aVx avy aVz
+ + =0
oXx oy oz
dv _av v?

priaiey grad 5 vxroty=g-— gradp + VvAV| Navier-Stokes-equation

AV = graddivv —rotrotv .

. . dv 1
Since divv =0 d_I: g ——gradp — vrotrotv if rot rot v = 0, rot v = O viscosity exerts
- P

no effect.

24. Developed laminar pipe flow
Cylindrical symmetry of developed pipe flow:v, =0, ? =0 (2D flow)
z

Tfe\

ﬁ%i =N <

r

dz
S S
r’np—r’n(p +dp)+2rndzr=0. = 2tdz=rdp = T_lrd_p_udvz
2 dz dr
dp/dz= const.
[av, _——jrdr LRI
m az
Ifr=R= v, =0 v, :—i%[R2 —rz]: v, >0 it 9P <o
4u dz dz
Friction loss over I: Ap'[Pa] G ar v, =P [R? 12| = 1 A
dz | 4l 2l
D2 Vv [
Ve = ApR >V=—2 VZEA—pRZ
4ul 2 8 ul
8uvl '
Ap'= I;l\zl . Wall shear stress: t,, = AFZ)—IR 2Rn I 1, = R nAp'
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25. Laminar and turbulent flows

Properties of turbulent flow

Transition depends on Reynolds number: Re = vdp = Re = 2300

u

T _ T
time-average: , V= % J. vdt fluctuating velocity: v' (V' = %J‘ vidt =0)
0

(!')2 ~ \/V‘x +V‘_y2+V'Z2

v

Turbulence intensity: Tu =

Apparent (Reynolds) stresses

<

w, o), dvy,) 0w, 1aﬁ+v[azvx+azvx+azvx} ”LJ

+ + =0x— 2 2 2 ’
ot OX oy oz p OX OX oy 0z Vi
8(_) oWV, vy 6 v,V
oy 0z

[UpVdA = ~[PdA+ [pgdV - [VpvidA
A A \% A

~[VpvdA = - [V, pv,dA - [V pv,dA.
A A A

[upvan~ | pplv? Joa+ [ogav - [olv v bia

A

p, = p(ﬁ) apparent pressure rise 1, = —p(v't v'n) apparent shear stress

dv?) aev) a(W):z[M P oy aj
p

OX oy oz OX oy 0z
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26. Boundary layers

e

= 7=

hatarreteg

o() o()__a()
v,=0—+*=0, , << ——
z oz Vy <<V, ox ay
v, ov, _dv v,
Vx +Vy :V—+V—2
OX oy dx oy
ov
%_{__yzo_
ox oy
Sy
6 £
—%
y ol
7 X%
T=1,, = pfziaa\;xi 6avx =L, aa\;x , 1 [m] mixing length
y
u, =pl? Gg—x eddy viscosity
y

u = \/T—T’ [m/s] friction velocity
P

1In&+K where k=04, K=5
u K Vv

Vx _

. oV \Y u
in viscous sublayer 1=1, =u—= , |— AN

oy |u %
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Vs, T Ar

S 5

yr=2,7 y*=101 y+=407

Displacement thickness
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Friction coefficient c'; = %o
BVZ
2
—92
1 ~ turbulensH
\‘\ |
~ <
Cﬂf \\\\\
-3 lamindaris  TNL
1074
104 ) 10° 108
VL
Re=YL
Y € y

Boundary layer separation
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Separation bubble

Flow past cylinders

c,= PPy pressure coefficient

BV2
2
z
Re guparer=5. 7111
Re e =1.86110°
1 |
B0 90 120 180 240 200 360

AT TREE

\ /

* 7 A




Flow in diffusers

Horse-shoe vortex

Secondary flow

|
|

\

41
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27. Hidraulics

Bernoulli equation completed with friction losses

2 2

v v ,
p71+pl+pU1:p72+p2 +pU, +Ap

Dimensional analyses

Ap'zf(ﬁ,u, p,d,V)

[Q]=kg*m’s’ =Q,.Q,......Q,. =FQ,,Q,,.....Q,)=0 =TII,,I1, I1,,..IT,_, dimensionless
parameters = F(I1,,I1,,IT,,....IT,_,)=0:
IT = Ap™ ke s pke gk e

AP 1, _/d, i, —Re="2 .
A%

IT, =

Py
2

F(I1,,IT,,IT,) =0

T, — H}ZRGW
1=
§v2 Re
HZ:I/d lef(nz’na)

AP _ K(Re)g = Ap'zgv2 g%(Re) where A is the friction factor

In case of laminar flow in pipe Ap'= 8Lfv, where R = — :>Ap'=£v2 ﬁﬂ,
R 2 2 dvd

64
Since V—d =Re jApI:BVZ é}\’lam ?\’Iam =5
% 2 d Re
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Rough wall k[m] diameter of sand particles, relative roughness I1, :ﬁ , Where,

r=d/2 pipe radius. Re > 2300 Re<Re, —1.95Ig(Re /Ay J-0.55

1
v 7\'turb
0.316
VYRe
Moody diagram for determination of the friction factor A for pipes

4000 < Re <10° Blasius formula |1, =

0.1

A

0.06 1!

it i I i St i B a4
e Sh I S R k
te turbulence; fough pipes |

20

0.05

50

0.04

100

0.03
— 500

1000
2000

0.02

— 5000
10 000
20 000

0.01

|

|
4

|
1

|

|
—= 200

|

|

|

T

|

|

|
ml
~l

1

Wall shear stress

2 2
Ap'd—ﬂzgv2£ d—nzrodnﬁ = 1, :BVZ&
4 2 d 4 2 4

e

. . . 4A .
Pipes of noncircular cross sections: d = where A[mz] cross section, K[m]

wetted perimeter

Ap':%vz dik(Re) , where Re = vd,

e A%

Compressible flow in pipe

X dx
L
_dp:BVZd_Xkav:q_m>p:L = _dp_q RTA _J.pdp quRT;\‘ dx
2 D p RT 2pA° A’D
Since Re—VD 9D _ 4,0 , u=1(T) and T = const. A = Const.

v  pAv Apu
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pl_pZ
2

= plAplink

pi-P: _GnRTALpy _ pi—p;_ Pl
2 2A’D p? 2 2'D

Open channel flow

_2 1
Ah':v—dik , Where d, = ﬂ, introducing i = % slope of the channel bottom

29 d,

V= 2g%i:c dei,whereC=,/i—g Chézy equation, with A =0.02~0.03 Chézy

coefficient C = 28.

Losses in pipe components

Losses of development of pipe flow

' P2
APy, ==V
p dev 2 Qdev

laminar flow: (g, ., =1.2, turbulent flow: (., ., =0.05

Loss in Borda-Carnot extension

Ap'ge :%(Vl -V, )
Inflow loss
@
Ap'y, = %(Vl - 0)2 = %Vlz .
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Losses in valves

ﬁl&
szelep
Ay

A —_
tolozar 5~ o
A vy Ay

— 2 2
A : A
oot ;%Vg(ﬁ_q ,qu[—Z—lj

Diffuser loss

Mg = (P2 =Py = (P2 =iy = 0-g) (v ~VE) m, diffuser efficiency

Losses in bends Ap', :%VZCb

-./_, ) - o " . ‘
1 LMo

Applications

Water supply system

pO gk

N

1]

Zgz hW

L
b

3

Known parameters: d /,,/, h;,h, D q{m—}, literature: ¢,,¢,,C, M-
S

AP

Calculation of pump head H= Zy— ZSZ) and performance P, =q, pgH
P9

2 Bernoulli equations:
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v2 V2
D P+ Py pUy =p—=+ P, +pUy + 34D, where D AP, =%V2(C1 +%le

2 2

v2 v
2) p7y+ Py +PU,, =p?2+ p, +pU, +ZAp',,, where

/ b4 b4 b4
ZApny :%VZ[FZXZ +Ck +Csz +Fs7\‘3 +Ck +F47\44 +Ck +FS7\,SJ+

+(1—nd)%(v2 —VE)+%V2D-
Considering that v, =v, =0, U, -Ug, = g(zny —zsz), U,-U, = g(h2 - hl), P, =Py, P, =P,
A=A, =..=A.

Apé =pny§ Pz =P —Po +pg(h2 _hl)_pg(zny _Zsz)+

s,
+%v2[8;| +C, +3C, +TKJ+(1—nd)%(v2 —vé)+%v§,.

Continuity equation: vd? =v, D?. Re _vd
\%

Flow in pipe connecting water tanks

3
Known parameters: d / {,. Calculation of qv[m—}
s

o S |

% V5
p?1+pl+pU1=p72+p2+pU2+ZAp'
Considering p, =p,and p, =p,, U=0z2és2,=0, z,=H, v, =Vv, =0 ésa
209 =007 ( G 4, 4 5001 = iy pa =BV G S

2
V:\/Z p.—Po +pgH

P (G + G 4D+

A
V=
\ B+CA
d’

. v'd
assuming A'= V'= Re'=— = A'"-t.... =V
\%
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28. Aerodynamic forces and moments

al
|
|
I
|
|
I
I
|
|
I
|
|
|
|
I
I
|
|
I
I
I
a

= =
pno \g \g
= | =
g \? I
~ (==
- = E | == S
O I= \§ =1
—> <] | —
I—= AT
= | ==
= =
& @
Inviscid fluid: \92\ =‘El‘ Since p, =p, =p.., V, =V;, = |L|=[l]. =, +1,=P,-P,-R,, =
R, =0
Aerodynamic force acting on cylinder
. . F ..
f(Fd V., P, u,d,ﬂ): 0 Dimensionless parameters: I, =C, = d drag coefficient,
P2
—v:/ud
2

Hz=Re=v°"OI

Reynolds number, II, :g relative length
Y

I, :gzoo 2D flows = I1, = f(I1,), ¢, =f(Re)

.

If Re is small, F, ~pv_,
In case of larger Re F, ~Vv?
Effect of laminar-turbulent BL transition.
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Karman vortex street:

00
—_——
£
2D flow, £:>oo Cy=2. F :(ﬁf _Eb)gt =Cy = P —Po _Po P :Epf —pr
t BVZ sz
2 7 2 7

Comax =1 Cy =0.7 = C,, =-13

3D effects: §=oo,10,1 cda =2, 1.3, 1.1. In case of circular cylinder ¢, =1.2, 0.82 és
0.63 (Re=109).

Lift and drag on airfoils

I
™

Cyp =——— pitching moment coefficient

Pv2 An
2
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Lift and drag coefficients as function of angle of attack

Ct | /h=co

c Cf

04 Ce —Cp, Cf—CL
CLmx =1.2~1.8, dco/da=2r[rad],

Adverse pressure gradient can cause boundary layer separation

Drag acting on a prismatic bluff body

Cp =Cp —Cpp + 4%6} . Drag = forebody drag + base drag + side wall drag

//t=0and //t=5 c,= 1.1 and 0.8.
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Base pressure coefficient as function of angle between the undisturbed flow and
the shear layer connecting to BL separation line.

0
¢
o A
p
S~

\ i
-1 \

\\

Reduction of forebody drag by rounding up of leading edges.

I/t=5 ¢, =0.8=0.2

29. Similarity of flows

v
/ Ym

lo

Characteristic velocities, lengths, times of full scale prototype and model: vo and
1

_ "~ 0m

/
Vom, lo and 10m,t0 =—% and ton =
VO Oom

sz(i,l,i,L] and 2. :F(L,L,L,LJ,
Vo by Ly o 1 PV Ly Ly o 1t

Conditions of similarity:

2 2 2 Lo f
%HX%Hy%HZ Ny _ g, —1P 2 Yx L9 Vs 0 Y multiplied by —2
ot ox oy oz p OX ox2 oy oz Ve
%) 1% 2] L[]
\ \ V, V, . . .
o) ,Vx \Vo), _Oxlo \P% J, v °2 +. dimensionless NS equation
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Two flows are similar if

a) they are described by the same dimensionless NS equation, i.e.

4 ‘ v % % Vo !
9lo S om — Fr— 0 Froude number, =—"—=Re=—"-" Reynolds
Vo Vom NI IS Volo  Vomlom v

number, Re,, =Re Fr =Fr

m

b) the initial and boundary conditions are the same in dimensionless form (e.g.
geometric similarity of prototype and model).

t
to =lo/vo, L 1) =

om

t, = % , f[1/s] frequency Str = L Strouhal number
V0

Dimensionless parameters as ratios of forces acting on unit mass
2

inertial force: F ~ Vo

0
field of force: F; ~ ¢

(P—po)s _ (P—po)
pressure force F, ~ ;’ 0 _ 0

pﬁo pﬁo
Vo ls _ Vo
o ply 5
2
surface tension force: F. ~ 25_03 - %
€0 p€0 pﬁo

Fr Volly Vol

_T
Fs  w, /3 v

/F vile Vv
Froude number: Fr~ |+ = -2 0 _-_ 0
Fo g A9l

Fo_(p=po)lplts PP
F, viie, pV?

viscous force: K ~pv

Reynolds number: Re ~

Euler number: Eu~

F. _Cleglp  C

Weber number: We ~ > =—
Fr Vol l, PVoly
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30. Flow of compressible fluids

Energy equation

dm=v dA dtp

inviscid fluid, steady flow, no field of force, no heat transfer
d

VZ
— || —+c,T |pdV =—| vpdA,
dtv[z Vjp l_p_

where CV|:kgLK:| constant-volume specific heat, ¢, T +B =h=c,T,
p
h [J/kg] az entalpia, Cp [J/kg/K] constant-pressure specific heat

2
%
- +c¢, T =Const.| along streamline

Static, dynamic and total temperature

VZ

T+—=T, =Const.
2c,

2
where T (or T, ) [K] static temperature, T, =2V—[K] dynamic temperature, T,[K]
C
p
total temperature.

Energy equation = total temperature is constant along a streamline (steady flow
of inviscid fluid)

Bernoulli equation for compressible gases

No viscous effects, and no heat transfer = isentropic flow:
P Py

c . . . .
——=const.=—- ,x :C—p ratio of specific heats (isentropic exponent)
P P1 v
k-1
2 2 Py

Bernoulli equation: Va— Wi _ —_[ P V5 =V} +£& 1—(&] "
) k=1p, | (p,

2 Tk
Velocity along a streamline: |v, = V12 +—K1RT1 1—(&j *
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k-1

P p_zzﬁzp;T:RK:L:(&jK
T P

P const. = P2 and p, =

P1 P2 RT, P pr RTTpy

1

1
© T |« T K
P2 _ [&j P2 _ (—ZJ . Inserting |- = [&j in * expression we obtain:
P1 P, P1 T T

2K T 2xR C
Vﬁ:vf*a“{l‘?j' 1 Zek T Vet the
v V2
equation c,T, +7l =c,T, +?2 )

k-1

Discharge from a reservoir: v = 2—K1RTt 1—(&] ’
K= P

Speed of sound

[
? Af—-—-+|—+=— /Ae
- - Bt —P
v ‘ Ae Ly == } — L
~N a—dv=—=— g =—u
d\/t 1 a LfflffJ ><
p | X
i g
dp |
Jol 7 ; d X
|
dp |

Integral momentum equation pa’A —(p +dp)a —dv)’A=(p+dp)A - pA
2apdv —a’dp = dp Continuity: (a—dv)p+dp)=ap =pdv=adp.

d
speed of sound: |a = %1 In case of isentropic process p= pg p“,@ :p—ng“‘l
dp po dp po
dp
speed of sound: 4o =la =,/xkRT
P

Additional conditions for similarity of flow of compressible fluids:

) ) vV, . .
k = identical and Mach number Ma = —2 = identical
a0

Propagation of pressure waves

v<a 0 V=0
‘ N :
a., b.,
t

. at a
Mach cone sihno=—=—=
vt v

1
Ma

energy



Release of a gas from a reservoir

k1

v= |25 RT 1—(3] )

k-1 .
P
P
p /A(
v Vimax Amm v[m/s],A[mﬂ]
Viax = 2—KRTt tangent of the curve v@ = —1@+ge = ap =—pV.
k-1 oe p oe dv

2 2
max-ﬁjmzvd—p+p:0:pl— v :pl—V—2 =0
dv dv dv dp/dp
in point of inflexion v = a, i.e. Ma =1
Since q,, =va=—j—pA=const. at q,, =va=—3p
\%

—A=const. (at v=0 and p=0) A— .
\

At —3—5 = max. the cross section A is the smallest (throat, critical area): Laval

nozzle
.oat . .. c,lc,(c, —c, .
S D VIR L LI S P (€ =C) | _k+lp
2c, 2c, 2c, 2
x K 1 1
* * * k-1 K1 * AT -1
T_:i(:o_ggg),p_: T :(i) ' (20_53)p_: T :(i) ' (=0.63).
T, x+1 p, T, k+1 p, \ T, k+1

Simple discharge nozzle

p, <p, if p./p, > 0.95 p=const. = v= E(pt_pe)
P
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x-1
)
P

if p_/p, = 0.53 (in case of k=14), Vv =a =.kRT where T" =0.833T,.
if p./p, < 0.53 the process is same as in case of p,/p, = 0.53. (p” =0.53p,. )

if p,/p, < 0.95 p # const. = V= 2—'<1RTt 1-
K_

Flow in Laval nozzle

yV_ Lo 1owop_ 1..0p

e p oe p Op oe p oe’
dva+pdvA+pvdA:0:>%+d—v+d—A=O:>vdv:—a2d—p
PV p

vdv:—azd—p:az[d—v+d—A].

p v A
2
V_Zd_vzﬁ d_A :(Maz_l)ﬂ:d_A
a“v v A v A

o/ if Ma<1, in case of dv/v > 0 = dA/A < 0. At dv/v<0) dA/A>0
B/ If Ma>1, in case of dviv>0 = dA/A>0

v/ if dv/iv>0, and dA/A = Ma=1.

o/ if dA/A=0 and Ma =1 the velocity is extreme.

FL
v>al v<a
ML
A*
( AN
FSZ
p —/
R 2
S — D
0.53 C
B
A X
continuity q,, =p VA =p,V A,
1 i
0.63p,/xR0.83T, A" =Akip{&jK 2% gt 1{&) )
P k-1 P

Two isentropic solutions: points B and D.



